This report develops a multidimensional, dynamic analysis of solid state avalanche diodes. Well-established electromagnetic concepts are applied to a widely used model of the diode and reveal a discrete spectrum of new small-signal modes. The approach used enlarges the conventional perspective and has permitted the discovery that at least one of these new modes appears to possess a high power capability (associated with its two-terminal negative resistance) which has been partially realized experimentally. The lowest-order mode contains all the results of prior quasi-static theories on the normal IMPATT mode, plus additional information which is used to delineate the range of validity of the quasi-static results. Formal discrepancies are uncovered between the usual quasistatic, one-dimensional result for diode impedance used in solid state studies and the dynamic multidimensional result for the normal IMPATT mode developed from microwave circuit theory. However, these discrepancies are numerically quite small except in certain narrow frequency bands. 
INTRODUCTION
This report develops a multidimensional, dynamic, small-signal analysis of solid state I avalanche diodes by applying well-established electromagnetic concepts to a widely used avalanche diode model. Prior theories are one-dimensional and quasi-static, and take into account only longitudinal (z) variations of the fields and currents within the semiconductor. The result is a single quasi-static avalanche mode. In the present work radial (r) and z-variations are considered, and the result is the existence of a spectrum of avalanche modes in the semiconductor. The lowest-order mode is a "volume" mode (i.e., a mode in which the fields and currents do not vary significantly throughout any diode cross section) and is just that mode revealed, 3 in part, by one-dimensional theory. The remaining modes are apparently surface-wave modes (i.e., modes in which the field and current amplitudes inside the semiconductor decrease significantly with distance from the diode-air surface), or similar to surface waves. The idealized solid diode configuration with its contacts may be pictured somewhat as a parallel-plate capacitor or a radial waveguide with perfectly conducting walls, each completely filled with a cylinder of semiconductor material. The dimensions of the diode, however, are several orders of magnitude smaller than ordinary capacitors or radial waveguides (see Fig. 4 ). In device work, mode has usually signified a distinctive pattern of device behavior. In this report, avalanche mode is used to signify a self-consistent field and current distribution within the space-charge region of the diode which is consistent with the prevailing boundary conditions at the planar interfaces between the space-charge region and the remaining material of the diode. Each such mode in the preceding sense turns out to be connected with a distinctive pattern of device behavior.
The avalanche modes are obtained by deriving and solving the fundamental small-signal field equation for avalanching carrier interactions with electromagnetic fields. This turns out to be a fourth-order wave equation for which the introduction of a spatially and temporally dispersive equivalent conductivity greatly simplifies the method of solution. The avalanche modes within the diode are coupled to the purely electromagnetic modes in the semiconductor package and mount (see Fig. 2 ). For many package and mount geometries, these modes can be approximated 4 by a TEM radial waveguide mode, with all higher-order radial waveguide modes cut off. The modes in the package and mount are, in turn, coupled to the normal electromagnetic modes of the waveguide or transmission line containing the packaged diode.
The approach used in the present report enlarges the conventional perspective on solid state avalanche diodes in a manner which permits rigorous consideration of complex circumstances which are not directly accessible through present one-dimensional theory. From this perspective one may investigate the influence on avalanche diode operation of:
(a) Higher-order avalanche modes (which apparently possess high power generation capability at microwave frequencies), (b) Noncircular diode cross sections, (c) Doughnut or ring shapes (which are used to reduce the diode's thermal resistance), (d) Nonuniform radial temperature and as well as current profiles induced by thermal effects, 7 as well as (e) Determine the diode-package-mount interaction taking into account the cut-off higher-order radial waveguide modes, (f) Delineate the range of validity of the conventional one-dimensional, quasistatic theory of the normal IMPATT mode, and (g) Analyze potentially self-resonant IMPATT diodes (which are analogous to self-resonant LSA diodes 8 ).
The higher-order avalanche modes appear for the most part to be similar to surface waves and are referred to as SWIMPATT (for surface-wave IMPATT) modes, and are discussed at a length elsewhere/ The modes are ordered, as is the case of waveguide theory, from smallest (lowest-order) wavenumber to larger (higher-order) wavenumbers. The SWIMPATT modes are basically a two-dimensional avalanche phenomena. They are somewhat analogous to the recently 11-13 discovered two-dimensional wave effects in Gunn-effect diodes.
The analogy is imperfect, however, because (1) the above-mentioned Gunn-effect diodes are presently designed in the coplanar (or sheet diode) configuration, while the avalanche diodes under discussion are assumed to be in the sandwich configuration described at the beginning of this section, and (2) the Gunneffect diodes are believed to operate in their lowest-order mode while SWIMPATT are higherorder modes. The present report will develop the fundamental theory. Topics (b), (c), (e), and (g) will be discussed in Ref. 14 as an application of the theory developed here. Topics (a) and (d) will be developed in Refs. 9 and 15. The present report will consider topic (f) and, in outline form, topic (a).
II. MODEL AND BASIC EQUATIONS
The space-charge region of the avalanche diode is modeled as multiple, uniform, tandem 116 layers '
(shown in Fig. 1 ) within which a , the electron ionization rate (which is assumed for simplicity equal to a , the hole ionization rate) is assumed to be independent of the longitudinal position z. It is also assumed that the material properties, the DC electric field E , and the DC electron and hole longitudinal currents, J and J , are independent of the transverse coordinates within the diode. The space-charge region is assumed to be terminated on both sides by highly conductive material.
In the avalanche zone, a = a = a is a non-zero quantity, while the drift zones are modeled with a = 0 (see Fig. 1 where g = otv (n + p) is the generation rate, J = -qv nz and J = -qv pz are the electron and to r b nno p ^ p r o hole current densities, q is the electronic charge, and n and p are the electron and hole densities. The effects of ohmic radial currents are considered in Ref. 9 .
The small-signal time-harmonic approximation for the electric field is
where E = E z is the DC component of e, E is the RF component of e with a frequency w radians per second, and |E | » |E|. A similar description applies to the electron density N = n + n e^ , and the hole density P = p + p e-' . The ionization rate is approximated by the truncated Taylor series a(e) s a + o^E z (4) E-2 and (2) may then be used to obtain the continuity equations for the RF carrier densities expanded about E with E = E • z , and a. a' = da/de, evaluated at e = E . Equations (1) (6) where only first-order RF terms are retained, c = -a'(J + J )/q, and (5), (6), (10) , and (11) constitute a complete set of equations. Equations (5) and (6) may be combined to
Multiplying Eqs. (12) and (13) by -qv, and summing
is obtained.
Equations (10) and (11) (18) [
where 
in which e is the standard dielectric permittivity of the material and a. is the equivalent conductivity defined by
with J = J + J . a. is the conductivity in the sense that it can be shown from Eq. (14) that o no po l
Equation (20) may be written directly in terms of an equivalent conductivity matrix a. as
where T is the unity matrix and The influence of highly conductive regions sandwiching the space-charge region is approximated by using the boundary conditions appropriate to infinitely conductive material, i.e., the radial component of E is zero at z = ±L/2. The fields are expressible in terms of TE and TM cylindrical wave modes which are similar in some respects to the TE and TM radial waveguide modes.
In addition, the TE radial wave modes are uncoupled to the avalanche currents and, hence, are the same as for a "cold" dielectric cylinder bounded by metal caps. Thus, only TM radial wave modes (H =0) will be considered. In Ref. 44, the effect of variations of the fields and currents with azimuthal angle is considered in connection with the influence of noncircular diode cross section.
The TM radial wave avalanche modes have non-zero field components E , H , and E (when there are no azimuthal variations) and are also similar in many respects to the well-known small-48 signal TM modes in an axially directed electron beam of finite radius.
When a TM radial wave avalanche mode has "sufficiently small" radial variations (and no azimuthal variations), then the radial electric field component E will be shown in a later section to have a negligible magnitude from the point of view used in most computations. The resulting avalanche mode can be envisioned to be essentially a TEM (in the r-direction) wave with only E and H as significant nonzero field components. This quasi-TEM mode for which the z-variations are derivable from one-dimensional theory (which conventionally explicitly discusses only the E field component) is the normal IMPATT mode. The H field component for the normal IMPATT mode is readily derivable in the terms of the z-component of the total current density J_,= J + J + ju>E which is shown in Sec. V to be essential independent of r and z (as is already widely known).' The TEM radial wave avalanche mode differs most significantly in mathematical form from the TEM radial waveguide mode (which has E and H as the only non-zero field components) by virtue of the z-variations in E which the space-charge waves in the avalanche diode produce. The H field component is independent of z in both the TEM avalanche mode and the TEM radial waveguide mode. By contrast, it may be noted that the quasi-TEM radial wave mode (with negligible value for E ) in an axially directed electron beam of "large" finite radius does exhibit z-variations in E z (Ref. 48).
Solution of the associated boundary value problem, posed below, yields a discrete spectrum of modes within the diode, each of which has particular field and current distributions (which vary with frequency) within the diode. The relative amplitudes of the modes would be determined by imposing boundary conditions at the "rim" of the semiconducting pill, i.e., at r = R, in the same manner as is done for radial waveguides to reflect the diode-circuit interaction. Equation (27) can be rewritten as
III. AVALANCHE ZONE
from which it is clear that there are four values of K. corresponding to T, with
For simplicity the first subscript, i, of the K*s in Eq. (32) will be dropped. Thus, the only nonsingular solution that includes r = 0 is' t Ring (or doughnut) diodes require both Bessel functions of the first and second kind for a complete description.
Equations (12) and (43) 
are symmetric so that when the drift zones are symmetric about z = 0
It follows from this symmetry that
Equations (33) to (35) then simplify to
where
with 0. = k.L/2, and 9_ = K L/2. In the absence of symmetry, the results are more complex.
IV. DRIFT ZONE
When a and a' are almost but not exactly equal to zero, Eqs. (5) and (6) apply in the same form as for the avalanche zone. Thus, the results for the drift zone are 
where A and A have been taken as zero for simplicity. Continuity of fields at x = ±L/2 requires that T = T ,. The solutions to Eq. (51) are then
The above description of the drift zone is not so complex as that required for the avalanche zone. For the unsymmetric case, there are four unknown coefficients (the G.'s) for each of two drift zones, plus four unknown coefficients (the A.'s) for the avalanche zone totaling twelve unknown coefficients. There are twelve boundary conditions that must be satisfied at the various interfaces. They are E = J = 0 at x = b, E = J =0atx = -a, and continuity of E , H , J , J r p r n J r <p n and J at z = ±L/2. This information is necessary and sufficient for the determination of the ratios of eleven of the coefficients to the twelfth, plus the radial wavenumber T . Once T is ' * a a determined, then the longitudinal wavenumbers K. and ß. can be calculated. 
where a. = a. when i = 1, and CT~ = a. when i = 3. When Eqs. (53) and (54) hold, then a. =* a , and a-=^-jo;?. Thus, when |T | r « 1, then
Observe that, although J T is independent of position, it is a function of frequency, ionization rate, saturated carrier velocity, and the DC,current density.
If one attempts to approximate the preceding quasi-TEM radial wave by a cylindrical wave which is TEM without approximation, i.e., where E ^0, and H ^ 0 but E £ 0 (which is not possible because the boundary conditions could not be satisfied), then a somewhat unlikely result 20 is obtained. It can be shown that for the exact TEM radial wave the unity term in the R.H.S.
of Eq. (55) -i-i-i-i-i-r 1-i-i-i-r-i-i-i- 
VI. IMPEDANCE OF THE AVALANCHE REGION
In this section, Eq. (67), which explicitly displays the dependence of the impedance of a diode operating in the normal IMP ATT mode on diode radius R, is derived. We find that the usual quasi-static, one-dimensional result for impedance used in diode work, Eq. (71) below, differs numerically over narrow frequency bands from the dynamic, multidimensional result for the same quantity. 
where Eqs. (72) and (78) have been used along with knowledge, from Eqs. (68) and (69), that H is independent of z and E is independent of cp. Equation (76) thus leads to
It is not unexpected that a multidimensional, dynamic description of a diode should yield some sort of corrections to the one-dimensional, quasi-static results. Such is the case, for example, for the classical capacitor. However, such a theory also reveals the potential existence of other modes, as mentioned earlier, which can never be obtained from the one-dimensional, quasistatic theory.
VII. THE DRIFT ZONE IN THE QUASI-STATIC APPROXIMATION
In this section the quasi-static one-dimensional description of the drift zone interactions are retrieved from the general theory of Sec. IV.
When |T| r «1, 0<r^R (48) reduce, for the quasi-TEM case, to where G = G. + G_. The boundary condition E = 0 at z = b implies that G. = G 'for T /ß suf-
ficiently small, so the above reduces further to E * G + G, e~J /^ , H « icof rG /2, and E =* 0. 
VIII. CONCLUSIONS
This report has presented a multidimensional analysis of avalanche diodes which exposes the existence of new modes (TM cylindrical waves) in the semiconductor in addition to that obtained through prior one-dimensional theories. ' The main parameters characterizing the radial variation of fields and currents are (1) the frequency, (2) The mode spectrum has been determined by the continuity conditions at the planar boundaries z = ±L/2, and the boundary conditions at the planar boundaries z = +b and z = -a. This corresponds exactly to the procedure used in the prior one-dimensional theories. As in the theory of radial waveguides, specific conditions at the "rim," i.e., at r = R, can be synthesized by an appropriate superposition of avalanche modes assuming mode completeness (which has not been proved here). Generally there are no constraints that may be imposed at r = R because this will vary with the tuning of the associated microwave circuit and particulars of the local 14 structures. An exception is the self-resonant diode.
The spectrum of higher-order modes is discrete and typically involves RF field and RF current profiles which vary strongly with radial position. It is reasonable to expect some coupling between the various avalanche modes to occur as the signal level is increased. Thus, a rigorous large-signal theory of avalanche diodes must evaluate the effects of such mode coupling.
Geometric effects and higher-order modes are considered in detail in the next two parts of this work in Refs. 9 and 14. However, it is useful to describe here, in a qualitative fashion, the unusual but practical nature of a higher-order mode. Consider an avalanche diode whose crosssectional area is one to two orders of magnitude greater than those of conventional avalanche diodes operating at the same frequency. The capacitance of such a diode, at microwave frequencies, would be one to two orders of magnitude greater than the permissible level for normal IMPATT operation. However, the preceding observation assumed a uniform RF field profile across the cross section of the diode. If instead the RF field has an exponential taper with radial position, as is approximately true in a SWIMPATT mode, then the effective capacitance would be moderate. Figure 4 4 illustrates this situation. Further, if one calculates the "effective active volume for the SWIMPATT mode, taking into account the sharp profile, it turns out to be larger for this surface wave than for the corresponding volume wave in normal IMPATT diodes. The buildup of a SWIMPATT wave may be conveniently pictured in two simplified stages. The first stage may occur in a time period of, say, 40 nanoseconds (for an X-band diode) during which the effects of diffusion are too slow to be noticeable. In this stage, the fields and current quickly build up to a state in which they have a steep, nearly exponential variation with radial position, from their peak values at the outer diode perimeter to almost negligible values several tens of microns further inward toward the center of the diode. The power output from such a wave is of the same order as that from the corresponding normal IMPATT diode because the effective active volume of the semiconductor is of the same order in both cases.
As time passes, diffusion occurs because of the steep RF radial gradients in current density. In other circumstances, such diffusion would be small since the carriers would be swept out of the thin active region in the axial direction at their saturated drift speeds (v ). Their radial excursions would be very limited since their average radial velocities due to diffusion would be very much smaller than v . However, avalanching carriers continually produce electron-hole pairs throughout the avalanche zone. Thus, as they travel along their relatively small radial excursions, the avalanching carriers would produce other carriers which would extend the radial excursion and in turn produce other carriers to further extend the radial inflow. The net result is that the active volume increases markedly so that the output power goes up at least an order of magnitude. However, the inflow of carriers increases the axial electric field further in from the perimeter, which raises the effective capacitance and reduces the frequency of oscillation.
The picture obtained from the above considerations is that of a very large area avalanche diode which produces high power as its frequency of oscillation sweeps over a broad range. Such diodes have been fabricated in the past and their reported operation was considered unexplained in numerous details. * L Now some details may be accurately explained by the above description and by further, more quantitative information to be developed in Ref. 9 . For example, calculations based on some normal IMPATT thermal considerations yielded estimates of their sweep frequencies from two to three orders of magnitude off from the observed sweeps, while 22 other more speculative suggestions yield no quantitative estimates.
On the other hand, some simple calculations, presented in Ref. 9 , obtain both the correct order of magnitude of the sweep frequencies and the correct shape of the curve of sweep frequencies vs time. As a further example, the existence of the SWIMPATT mode and its characteristics explain the descrepancy 23 between Melick's work, (which demonstrated that the RF output IMPATT power peaked for areas around the "normal sized" IMPATT diode and decreased significantly with increasing diode area), and the exceptionally high peak power obtained from the extra large area diodes. These large area diodes produced one to two orders of magnitude more RF power than the normal sized IMPATT diodes (operated at about the same frequency) fabricated by the same workers at their 24 time of discovery.
The multiplicity of pulsed modes experimentally detected at the same time and in the same diode by Manasse and Shapiro 25 is also consistent with the multiple mode theory developed in this report and Ref. 9 . A final example is the efficiency predictions of DeLoach based on skin effects in the diode substrate which indicate a marked decrease from the normal efficiency of an IMPATT diode as its radius exceeds the skin depth in the diode substrate.
Gilden and Moroney obtained approximately the same efficiencies (5 percent) for 36-mil-diameter diodes as those obtained for normal (4-mil) IMPATT diodes by the same workers at that time. This apparent inconsistency is explainable by the surface-wave character of the SWIMPATT mode.
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